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Abstract 

We consider the Navier-Stokes equations in a half-plane with a drift term parallel to the boundary 
and a small source term of compact support. We provide detailed information on the behavior of the 
velocity and the vorticity at infinity in terms of an asymptotic expansion at large distances from the 
boundary. The expansion is universal in the sense that it only depends on the source term through 
some multiplicative constants. This expansion is identical to the one for the problem of an exterior 
flow around a small body moving at constant velocity parallel to the boundary, and can be used as 
an artificial boundary condition on the edges of truncated domains for numerical simulations. 
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1 Introduction 



In what follows, we study the steady Navier-Stokes equations in the half-plane f2+ = {(x, y) £ M 2 | y > l} 
with a drift term parallel to the boundary, a force of compact support, and zero Dirichlet boundary con- 
ditions at the boundary of the half-plane and at infinity. 

d x u + u-Vu + Vp-Ait = F . (1) 
V-u = 0, (2) 

where F is smooth and of compact support in + , i.e., F £ C£°(f2+), subject to the boundary conditions 

u(x,l)=0, xeM, (3) 

lim m(x) = . (4) 

x— >oo 

For small forces, existence of a solution for this system together with basic bounds on the decay at 
infinity was proved in [9], and uniqueness of solutions was proved in jlOj in a very general context. In [1] 
additional information on the decay at infinity was obtained. See [5], where the velocity field has been 
analyzed to leading order in a similar three dimensional case. For a general introduction to the method 
used in this series of papers, see [7J. 

Note that the asymptotic behavior is identical to the one for the problem of an exterior flow without 
force around a small body moving parallel to the wall at constant velocity described in a frame comoving 
with the body (see [10 ). The explicit asymptotes of the unique solution to ([lj) — (J4j) may thus in particular 
be used as an artificial boundary condition for numerical simulations of the aforementioned flow with a 
body, see [2]. Artificial boundary conditions obtained this way have already been applied with success 
in the numerical resolution of two and three-dimensional flows in the full space (see [3], [I], [B] and (TT|). 

In the remainder of this paper, when we invoke "the solution", we refer to the solution constructed 
in [9], p] and 

Our main result is summarized in the following theorem. 

Theorem 1 Let u — (u, v) and p be the solution to equations f2P _ |^P for F small and let to be the 
vorticity. Then, there exist constants C\, C2 such that for e > 0, 

,y) - « as (a;,y))| = , (5) 

,y) - v as (x,y))\ = , (6) 

,y)~Lu as (x,y))\=0 , (7) 



lim sup 


\y 5/2 - 


- £ ( 








lim sup 


\y 5/2 ' 










lim sup | 


2,9/2- 









with 



u as {x,y) = -±z<pi(x/y) + -\ip2,\{x/y) + -^ip 2 , 2 (x/y) - ^Vw(x/y z ) - ^rj B {x/y A ) , (8) 
y i y y y y 

v as (x, y) = -^ipi(x/y) + ^\ip 2 {x/y) + -4^2,2(a;/j/) + ^uj w {x/y 2 ) + ^uj B (x/y 2 ) , (9) 

y ' y y y y 

w as (x, y) = ^ruj w (x/y 2 ) + ^rUJ B (x/y 2 ) , (10) 

yi yl 



and functions tpi, f2,i, f2,2, ^1, ip2,i, ^2,2, Vw , Vb, andu> B as given in Avvendix \A.l[ 
Remark 2 This theorem is an immediate consequence of Theorem \10\ in Section^ 

• The functions tpi, (f2,i, ^2,2, ipi, ip2,i, ip2,2, Vw , rjB, and uj b are universal, i.e., independent 
of F. ' "' "' 

• The power 5/2 in the limits {5P and (OJ) is sharp, whereas the power 9/2 in ^ can probably be 
improved by 1/2 at the price of additional computations. 

• Some terms in {3P and (OJ) are unimportant in view of the limits ^ and but they are included 
such as to form a divergence-free velocity field in pairs of successive terms of it as and v as and such 
as to have two orders in both of the two scalings x/y and x/y 2 . 
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• The explicit forms of u aa and v as imply that 

lim y 3/2 u(xy,y) = c\ipi(x) , 
lim y 3/2 v{xy,y) = ciipi{x) , 

y-s-oo 

which shows that the bounds given in [9] are sharp. Moreover, the components of the velocity field 
associated to the functions ipi and tpi are harmonic. The asymptotic expansion is thus given by the 
superposition of a potential flow and a flow carrying the vorticity, which is concentrated, to leading 
order, in a parabolic region called the "wake" , in the sense that 

lim y 3 uj as {xy 2 ,y) = ciu w (x) . 

In contrast to the case of an exterior problem in IR 2 (see for example UV), the vorticity is however 
not exponentially small outside the wake, since we have in particular, for all x € R, 

lim 2/ 4 w as (a;, y) = ciuj b (0) ^ , 

which shows that a background of vorticity is created by the interaction of the fluid with the bound- 
ary. 

• This asymptotic expansion exhibits two scalings, whereas the three dimensional analogue (see J5jj) 
exhibits only one (the analogue to the x/y scaling). In addition, the current expansion is sharp for 
all components of the velocity field and takes into account an additional order, necessary to reveal 
the background of vorticity outside the wake. 

• The constants c± and ci are expressed in terms of the solution, in i29\) and J75[ ) respectively. 

• These results confirm the conjecture concerning the vorticity of the problem described in JSjj. In 
the present paper the asymptotic behavior is known modulo the constants c\ and C2, whereas the 
conjecture had three undetermined constants in its representation. 

The rest of this paper is organized as follows. In Section[2]we recall the functional framework defined 
in [5] in which the solutions were constructed. In Section [3] we also recall the map defined in [5] which 
yielded the solution in terms of its fixed point. We then present a new result which allows to improve 
the bounds on the solution. In Section H] we first extract the leading order terms of the velocity and 
vorticity. Using these terms, we then improve the bounds from Section [3] and extract the next order of 
the asymptotic expansion. The appendix contains an explicit representation of the asymptotic terms, as 
well as various technical propositions and details of computations used in the main sections. 

2 Functional framework 

We first recall the functional framework of [9] . 

Definition 3 Let f be a complex valued function on Q + . Then, we define the inverse Fourier transform 
f = T~ [f] by the equation, 

f{x,y)=F- 1 [f]{x,y) = -L f e~* k * f(k,y)dk , 

^ Jr 

and h — f * g by 

h(k,y) = (/ * g)(k,y) = ±- [ f(k-k',y)g(k',y)dk', 
^ Jr 

whenever the integrals make sense. We note that for functions /, g which are smooth and of compact 
support in f2 + we have f = J r_1 [/] ; and that fg — J r_1 [/ * g], where 

f{k,y)=F\f]{k,y)= f e lkx f(x lV )dx , 
Jr 

and similarly g = J-[g] . 
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Whereas in direct space we use the variables (x, y), in Fourier space we use the variables (k, t), where 
k is the Fourier-conjugated variable of x and y = t (this choice of notation was made to remain consistent 
with 0). 

Definition 4 Let a, r > 0, k G R and t > 1, and let 

MQ ' r(M)= l + (|/fc|r) Q ■ 
FFe set Jx a {k,t) = fi ajl (k,t), p, a (k,t) = n a ,2(k,t). 

Definition 5 We define, for fixed a > 0, and p, q G R, $a,p,q to be the Banach space of functions 
f G C(R \ {0} x [1, oo), C), for which the norm 

win II 

||/;Oa,p.<,|| = SUP SUp — 



t>l fcGR\{0} t?fJ-a{k,t) + -^fi a (k,t) 

is finite. The notations yB Qj p i00 and Ba.oo.q are used for spaces of functions for which the norms 

win II 

||/;Oq,P,oo|| = sup SUp — 



t>l fc£R\{0} t?^a(k, t) 

and 

ii i « ii l/(M)l 

||/;^a,oo,g|| = SUp SUp 1 , 

t>l fc£R\{0} t^f-a{li,t) 

are finite, respectively. 

Remark 6 The following elementary properties of the spaces i3 Q ,p,g will be routinely used without men- 
tion: 

• for a > and p, q G R, we have 

Ba,p,q G ^?a,min{p,g},oo • 

• i/ a, a' > 0, and p, p' , q, q' G R, then 

Bct,p,q n ; p' .q' G ^minla'jajl.minlp^pl^inlg'jg} ■ 

fn the remainder of this paper, "const." stands for some constant independent of k and t that may 
change from one occurrence to the next without notice. If / G B a _ p ^ q with a > 1, then we have the 
bound 

f \f(k,t)\dk<\\f;B a , p , q \\ [ (^(MH^MM)) * 



< const. ||/;B a ,p,q 



1 1 



^£P+1 ^ £9+2 

const 



£min{p+l,g+2) ll/)^Qi.P. 

which by Definition [3] immediately gives 



const a 

sup\f(x,y)\ < iD{p+i ; q+2) \\f;B a , p J . (11) 

x £ 1H£ 

The B aiPiq spaces thus encode the decay behavior in direct space in the direction perpendicular to the 
wall, uniformly along lines parallel to the wall. For convenience later on we also define 



k = V ' k 2 — ik , 

T =t- 1 , 

a = s — 1 , 
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and 

A_ = -Re(«) = -i\/2v / fc2Tfc I +2fc 2 
To further unburden the notations, we set 



Mi = -Jj^fia{k 7 s) + ^p. a (k, s) . (13) 

3 Functional equations 

We recall the definition of the maps given in [§] which allowed to prove the existence of a solution by 
the contraction mapping principle. We begin by introducing the basic elements. The velocity field (u, v) 
is decomposed into 

u = —fj + ip , 
v = uj + ip , 

with G) the vorticity. The nonlinear terms are represented by 

Q (k,t)=u*cj + F 2 , (14) 
Qi(M) = v*Cj- Fx , (15) 

where F = (Fi, F%) = J-[F]. The functions composing the velocity field are themselves further decom- 
posed as follows 

m=0,ln=l,2,3 m=0,ln=l,2,3 
m=0,ln=l,2,3 m=0,ln=l,2,3 

For a > 1, we have the map 

■Af : V Q -> V Q = B atiA x B a> x fl x S a ,§,i 

(uj,u,H) i — > C[C[(ui,u,v), (u!,ii,v)] + (F 2 ,-Fi)] , 

with 

C : V a xV a -> W Q = E Q! 2,5 x S a> 7 5 

((wi,«l,Ul), (W2,U2, «2)) 1 ► («1 * W 2 , «1 * (2> 2 ) , 

a continuous bilinear map, and 



2 ■ 2 



(18) 



(QojQi) 1 — ► «) , 



(19) 



a continuous linear map. The solution (u>,u,v) is obtained, for | j (^2, F±); W a \\ sufficiently small, as a 
fixed point of the map J\f. Due to an improved bound given in Appendix IA.31 tighter bounds on the 
nonlinear terms Qo and Q\ can be obtained. 



C : V a xV a -> Z a = B 7 3 x B a 7 4 



Proposition 7 Lei a > 1. The bilinear map 

V a xV a 

(a> 2 ,U2,« 2 )) 1 — ► ("1 * &2,Wl * w 2 ) , 

is continuous. 

Proof. This is an immediate consequence of using Proposition [T7J of the present paper instead of 
Proposition 9 in [5] in the proof of Lemma 4 in [5] . ■ 

Using Proposition [JJ most of the bounds on the functions in (|16D and (TTT|) proved in [3] are easily 
improved. In the following proposition, we indicate in bold face all the indices which have changed with 
respect to Propositions 12, 14, 16 and 18 of [9]. 
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Proposition 8 Let a > 1, 5 > 0. We then have 

$1,0 G B a 3_ S 2 V> M G S a) I )3 01,0 G fia,f-«,2 01,1 e S «,i,3 

$2,0 G B a ,| )2 $2,1 G B a ,| )3 02,o G S a | 2 02, i G # Q ,§, 3 
$3,0 G B a) | )2 $3,1 G B a) | )3 03,o G B a< 5 2 03,i G K Qi 5 i3 

wi, G B a v 3 _ s wi,i G B a! 5 ;1 771,0 G B a ,s, a -a »7i,i G B Q ,|,o 

^2,0 G # Q ,co,3 w 2) l G B a 5 3 7)2,0 € B a ,oo,2 772,1 € B a ,5 )3 

w 3 ,o G B a r 3 w 3jl G £ Q 5 3 773,0 G B a i 2 773,1 G B^s^ 

Remark 9 Given the decay behavior in direct space provided by ill}) , it is clear that the components 
with indices (1,1) play a dominant role in Theorem^ In fact, functions in £> QjP ,<j with p > 3/2 and 
q> 1/2 are negligible in the sense of the limits given in {5|) and (0|), although Theorem\7\ includes some 
additional terms to satisfy the divergence-free criterion and to have two orders of the asymptotics in both 
scalings. In the same way, functions with indices p > 4 and q > 3 are negligible in the sense of the limit 
given in One would then expect 0)2.1 and w 3 ,i to be relevant, but new and better bounds are proved 
in Section \4.7\ so that they will turn out to be negligible, too. 

Proof. Using that (Qq, Q-y) G Z a and following otherwise the proof of Lemma 5 in |9., this is straight- 
forward for all functions except oj 2 .o, 7)2,0 and w 3 ,o- Note that 5 G (0, 1) using (|118|l . 
For W2,0) we recall that 

W2,o(*, *) = -e-^" 1 ) y fc, (k, a - l)Q (k, , 

with 

h,o(k, a) = (* - M±!0!) e — + 2(|*| + «)e-W . 

We have the bound 

1/2,0(^)1 < const. (Ifcl 1 ^ + |fc|) e -l*k , 
so that we therefore have for 0)2.0 

poo 

|t&a,o(M)l < const. e A - ( *- 1} / |/ 2j0 (k, <x)| ^(A;, s)rfs 



r°° 1 

< const. e A-(t-i) e |fc|(i-i) / (IjfelVa + IftDe-lfck jijk, s )ds (20) 

/■OO 1 

+ const. e A-(t-i) e |fc|(t-i) / (|fe|V2 + |fc|) e -l*k ^ Q (fe )S )ds . (21) 

Jt 3 

The term in (f2"0l is estimated with Proposition [Ml 

(|fc| 1/2 + |fc|) e H^_ /Sa ( fc)S ) ds < const, e A -(t-i)_^ Q ( M ) . (22) 

The term (|2"Tj) requires us to distinguish the cases 1 < t < 2 and t > 2. In the first case, we have, using 
Proposition l24l 



e A_(t-i) e |fc|(t-i) 



/°° 1 11 

(|fc| 1/2 + \k\)e-W a — fL a (k,s)ds < const. —fi a (k,t) < const. -£ Q (fc, t) , (23) 



and in the second case we have, using (| 1 14[) to trade the factor Ifcj 1 / 2 for a factor s 1 and then applying 
Proposition EH 

r°° 1 

e A_ (t -i) e | fc |(t-i) y ( | fc |i/2 + | fc | )e -| fc kJL~ a(fcjS)ds 

< const. e A-(*-i) e l*l(t-i) y°° e -|*k ^JL A i Q _ 1/2 (fc, s ) + |fc|-L/i Q (fc, s)^ ds 

< const. e A -( t - 1 )^ a _i /2 (fc,i) . (24) 



G 



Collecting (|2"2" ]) -([2"3 ]l and applying (fTTSj) . we finally have 

|&2,o(M)| < const. -pjx a {k,i) . 

Indeed, for t > 2 the index a is arbitrarily large due to the exponential factor. 
For the function 7)2,07 we have, from [5] and using Proposition [71 that 

|»MM)| < const. eA-(t-i) e -|*|(t-i) ^_l_^ a ( fe)t ) + I^(fc,i) 

Using inequality (|113D shows that 7)2,0 G #0,00,2 ■ 
For w 3j0 we recall from [9] that 

|<&3,o(M)|< const. ^(e«(*-i) - e -"(*-i)) y |/ 3i0 (fc, ^(fc, s )rf s , 

with 

|/3,o(fc,cr)| < const. e A - <T min{l,|A_| 2 } < const. e A - cr |A_ | . 

Since |A_| — I&I 1 / 2 for |fc| < 1 and |A_| — |fc| for \k\ > 1, we use for the first case \f3,o(k,a)\ < 
const. e A_<T |A_| 2 and for the second case \f3o{k, <r)| < const, e |A_| and we have, for all |fe|, using 
Proposition 

POO 

|w 3 ,o(M)l < const. elA-K*" 1 ) / |A_ \fi (k, s)ds 



; roust. ( -^(i a (k,t) + £j# a (fc,i) 



4 Asymptotic terms 
4.1 Strategy 

In this section we extract the leading asymptotic terms of the functions ip, 0, fj, Co and dkCo- We then 
calculate an explicit representation of these asymptotic terms in direct space which allows us to prove 
even tighter bounds on the nonlinear terms Qq, Q\ as well as dkQi, than the ones given in Proposition [7] 
and pp. The new bounds on Qq and Qi are then used to further improve the bounds on -0, (p, 77, and 
uj, which, together with the tighter bound on dkQi, allow us to extract second-order terms in two steps. 
First, we extract the second order terms of ip and (p, which allows us to improve the bounds on the 
non-linear terms once again using their direct-space representation. Then, we proceed to extract the 
second order terms of fj and ui. 

The extraction procedure is as follows: we first identify the leading components in view of Proposi- 
tion \E\ and Remark [5] We then calculate for each of these components the pointwise limit as t — > 00 for 
one of two scalings: k 1— >• k/t if the slowest direct space decay in the sense of (fTTj) is due to the index p, 
k h-> k/t 2 if it is due to the index q. We finally prove that the difference between the leading component 
and this pointwise limit is in a B a ^ p ^q or B a , P ,q> which is smaller due to an improvement in the index that 
determined the scaling choice, thus identifying the pointwise limit as the leading asymptotic term. For 
the second order asymptotic term, we proceed in the same way using any new bound obtained in between 
to identify the components from which we have to extract it. As we will see, this is actually the leading 
component minus the leading order asymptotic term, for which we then calculate a new pointwise limit 
to obtain the second order term 

In this section, some bounds lead to a decrease of a by —3. Since the solution exists for arbitrary 
a > 3, this does not pose a problem. We now present our main technical result. To unburden the 
notation in the proofs and results we set 

a' = a — 1 , 
a" = a - 2 . 



7 



Theorem 10 (asymptotes in B a:P:q spaces) Let u £ B a 1 , i £ B a 1 lr ui £ B a s x as constructed in 
J3? ; with u = — fj + ip, v = Gj + ijj. We then have, for a > 4, oo arbitrarily large and S > 0, 





- V> a s,l € B a> i 




4 


- $as,l 


- $as,2 S B Q ,| 


— <5,OG 




— 0as,l € "a,l. 


,00 




- 0as,l 


- 0as,2 € 2? a | 


— (5,oo 


ill 


- Was,l € £ Q 7 


-5,2 




— Wag,! 


- w as , 2 eS Qi r 


-<5,3-S 


V 


- W e B ,|- 


-6,1 


V 




- ^as,2 £ B a ,|- 


5,2-5 



where the functions with the subscripts "as" and "as, 2" are given as follows: for ip by i30)) and J7^[ ), for 
<p by HO]) and fi7J\ ), for u) by (JOfy and [Wl\) . and finally for fj by (JJ\ ) and i fffPl) . 

In the remainder of this section we give a proof of this theorem. 
4.2 Leading order in ip and (p 

In view of Proposition [5] and Remark [HI the leading order term of tp and (p are to be extracted from 
$1,1 and ^i,!, respectively. We use that ip,tp g S a) i )0O 3 ^ a .i.2i since for these functions we are not 
interested in the wake behavior. We have (see [5]), 

4i(M) = ^e-l^'- 1 ) / h ul (k,3-l)Q 1 (k, S )d8 , (25) 



0i,i(M) = \z~ mt ~ 1] J i h, 1 (k,s-l)Q 1 {k,s)ds , (26) 

with 



fc^jfe, a) = - e l fe l ff + d fc l+ K ) 2 e -|fck _ 2 "(l fc l + ") e -K g ; (27) 

fci,i(*,<r) = -!§/ii,i(fc,£r) . (28) 
ik 

Formally, we get from (|2"5|) and (|26l) 

lim Vti>n(k/t,t) = -ciV^ifce -1 * 1 =: $! x (fc) , 

f— J-oo ' ' 

lim Vt^i i(k/t,t) = cx^j-V^ike^ 1 =: $ t (fc) , 
t->oo ' ifc 

with 

/oo 
(«-l)Qi(0,«)d«. (29) 

This motivates the definition of the functions 

Vw(M) = ^f\,i{kt) = -cix/=Ifce-l fc l* , (30) 

&m(M) = = Cl ^^ z ^ e "' fc| * ■ ( 31 ) 

Note that $as,i!0as,i & ^ a ,i,oo- We now show that 

$1,1 - $as,l e B a ',l,oo , (32) 
01,1 0as,l £ ^a',l,oo ■ (33) 

Proof. We have 

7 1*1 . 

Wi.i = — t¥>i,i , 
ik 

and thus all the bounds on ^ i are directly transposable to </?i,i, and we only present the proof for ipi,i- 
In order to prove (|32p we analyze 

1 /"* 

Vi,i(M)-</w(M) = 2 e ~' fc|(t ~ / &i,i(M-l)Qi(M<k 



OO 



~e _|fe|t / 2V^ik(s - l)Qi(0, s)ds 



8 



We rewrite this expression as a sum of terms which can easily be bounded. Namely, 



^l,l(M) - ^BB,l(^)*) = X]^' 1 



with 



(3 |fc|(t-l) _ e -|fc|« 



hi t i(k, s — l)Qi(fc, s)ds , 



V^' 1 = ^e-l fe l* ^ s - l)Qi(fc, s) + 2^ik{s - !)&((), s)) ds , 



*/'3 



2V^ik{s - l)Q 1 (0,s)ds 



To bound ■y{ we use that 

|/ii,i(fc,cr)| < const. (l + |jb|)el fc l <r min{l J (l+|A| 1 / 2 )|jfc|V2 £r } , 
inequality () 1 14f) . Propositions l2"2l and 1251 so that we get 



hi i(fe, s — l)Qi(fc, s)ds 



< const. e- |,£|t |fc|e |fe| / (1 + |fe|)e |fc|ff min{l, (1 + \k\ 1/2 )\k\ 1/2 a}^{k, s)ds 



' mus ' ' ( fj/^^~i(k,t) + ^fi a -i(k,t) 



which shows that ip^ 1 £ S a ,/ 3 00 . 

To bound i/^' 1 we first note that by (|108|) 

h 1A (k,a)Qi(k, s) + 2\^ikaQi(0, s) 
= (hi,i(k, a) + 2\^ika)Q 1 (k, s) - 2V z ikkad k Q 1 ((, s) 

for some £ € [0, fc]. We analyze the expression 



/ii i i(/c, tr) + 2v — ika 



,\k\a 



+ 2V-ika 



ik ik 
in further detail, with /ii : i given by (|27[) . A straightforward bound is 

hi,i(k,a) + 2V^ika < const. (1 + \k\(a + l))e |fc|tT , 

but since the leading terms cancel, we also have 

hi,i(k, a) + 2V^ik<r = - (el fe l CT - 1 - \k\(r) - (V |fc|<T - 1 + \k\aj + 2 (e^" 7 -1 + ko) 
2\k\ 2 + 2\k\ K 



ik 



((e- |fc|(T - l) - (e _KCT - 1)) - 2k<j + 2V^ikcr , 



which we can bound, using (11 10[) . by 

ht,i(k,a) +2V-ika < const. |fc| 2 cr 2 e l ' c|cr + const. \k\ 2 cr 2 + const. \k\ 2 <t 2 

+ const. (\k\^ 2 + \k\)(\k\a + \n\a) + const. |fc| 3 / 2 er 
< const. o-((T + l)(|/s| + |fc| 2 )e |fc| ' T . 



(34) 



(35) 



We have used here, and shall routinely use again throughout this paper without further explicit mention, 
that for all z G C with Re(z) < and N e N 0) 



rN+1 



< const. 
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and for all z € C with Rc(z) > 



p z _ ^» J_ 7 n 
'- Z-m=0 n \ _ 



WV+1 



< const, e 



Rc(z) 



Therefore, using (j34|) and (|35|) . we get 

h 1A (k,a) + 2V^ik<J < const. min{(l + \k\{o + 1)), (|fc| + \k\ 2 )a{cr + l)}e |fc|(T . (36) 
Collecting these bounds yields 



l4 r,1 l 



i e - |fc| *^ (fei,i(*,»-l)Qi(fc,«) + 2V=ifc(s-l)Q 1 (0,s)) rfs 



< const, e 



-|fc|i 



hi t i(k, a) + 2\/—ika ni(k,s)ds 



+ const. e-l fe l*|fc| 3 / 2 / (s-1) 



By (|109p and (| 1 1 5[) the second term is in S a 3_ s oa . Using (j3"6")l and Propositions [221 and |2"31 we also show 
that 



fti,i(fc,s - 1) + 2-\/ = ifc(s- 1) ) Q 1 (k,s)ds 



-\k\t 



: const ( -fx a (k,t) + -jj^n a {k,t) + -pp, a (k,t) 



such that, all in all, t/^' £ S ai i i0 , 
Finally, using (|115l) . we have 



IV'3 



-|fc|t 



-ifc(s - l)Qi(0, s)ds 



< const, e -l*l*|fc|V2^_ eB„, 



2,oo 



Gathering the bounds on the yields (13"2"j) , and by the opening remark of the proof also (|3"3"|) . 



4.3 Leading order in fj and Co 

In view of Proposition [S] and Remark [21 the leading order term of f\ and Cj are to be extracted from f]\ t i 
and u>i,i, respectively. We have (see [9]), 



fi hl (k,t) = -e-^" 1 ) 
cD 1 ,i(fe,t) = ie-«(*- 1 ) 



9i,i(fc,s - l)Qi(A;, s)ds 



/i,i(fc,s - l)Qi(fc,s)ds , 



with 



/i,i (k,a) = —gi,i{k,a) . 



+ - wg p |fc|(|fc|+«) 



Formally, we get from ([57)1 and (|38l) 



lim fiwik/t ,t) — —c\e 

t— >oo 



lim tu}\\{k/ir,t) = cW-ike v lk =: Cj\ x (k) , 

t— ►oo ' ' 

with ci as defined in f|2Q[) . This motivates the definition of the functions 

W(M) = *?i,i(^ 2 ) = -cie^^ 7 ' , 



1 



&as,i(M) = |£>i 4 (fc< 2 ) = aV-ike 



— ■J—ikt 



(37) 
(38) 

(39) 
(40) 



(41) 
(42) 
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Note that 7/ as ,i € £?a,oo,o and w as ,i G #c<,oo,i- We now show that 



(43) 
(44) 



Proof. We have 



with, see Appendix IA.21 



ik 

wi,i = i 



const. < 



< const. min{l,|A_|} 



which means that the bounds on u)i t x are the same as those for 771,1 for |fc| > 1, but have an additional 
factor of |A_| for |fe| < 1. This results in an increase of 1 in both the indices p and q for the components 
co when compared to the ones for r). This means that Co decays 1/t faster than fj, and since 



ik 



t^o 1 ' t 2 K (k/t 2 ) 



-ik 



the asymptote of Co is naturally derived from the one of f). We therefore only present the details of the 
proof for 77, since the proof for to can easily be recovered by inserting the appropriate factors in the proof 
for r). 

In order to prove (|4"3"1) we set 



where 



r)i,i(M) - <7a8,i(M) = ^V? 1 , 



-r.l 



-r,l 



g-K(f-l) _ g- Kt 



3i,i(fc, s- l)Qi(k,s)ds , 



\e~ Kt f (gi,i(k, s - l)Q x (fc, s) + 2(s - l)Qi(0, «)) 



( e -«t _ e -V=lfe) /" ( s - 1)^(0, s )ds , 



(s - l)Q 1 (0, 3 )ds . 



We have 



l<7i,i(M)| < 



const. o-e |A - |<T for |fc| < 1 
const. |A_|el A -l £7 for jfcj > 1 



and we treat the two cases separately, using both times Propositions [ITfl and E01 For \k\ < 1 we have 



l«T'l 



•(«-(«.. .-)jT 



- l)Qi(fe,s)ds 



< const. e A-(*-l)[ A _| / cr e l A -l CT Ml (fc, s )ds 



' const . I -^fJ, a (k,t) + jp, a (k,t) 



and for |fc| > 1 we have, using ([114 



1^1 = 



gi A {k,s- l)Qi(k,s)ds 



< const. e A-(*-i)| A _| J |A_|e |A - |CT /Ji(fc,s)ds 

/ 1 1 „ 

< COnst. I -jUa-l + T^Ma-l 
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so that ff{ € B a , h tl . 

To bound ffe 1 we note that by (|108l) 

5i,i(fc,o-)Qi(fc,s) + 2crQ 1 (0,s) 
= (g hl (k,a) +2a)Q 1 (k,s) -2akd k Q 1 (C,s) , 

for some ( £ [0, fc]. We first analyze the expression 

(|fc|+*) 2 ^ 2 |fc|(|fc| + «) c _| fck | 2 »fc j 



ffl , 1 (fc, ( 7)+2a = -^e Kl 
A straightforward bound is 

| 5ljl (fc,a) + 2a| < 



ik 



ik 



const. CTel A -l ,T for |fc| < 1 

const. (o- + l + |A_|)el A -l' T for jfcj > 1 



(45) 



Since the leading terms cancel, we also have 

gi,i(k,a) + 2a = ^ ((e Kff - 1 - ko) - (e" KCT - 1 + «r)) 



ifc 



which we can bound by 



\ 9l i (fc, a) + 2a\ < const. ( |A_|Vel A -l CT + |A_|V 

ifc \ 



2|fc| 2 + 2|fc| K 



/fc 



(|A_|a+|fc|a)+2|A_| 2 <7 



< 



const. |A_jcr(cr + l) e l A -l CT for |fc| < 1 
const. \A-\ 2 (j{a + l)el A -l CT for jfcj > 1 ' 



(46) 



using that 



ik 




k 2 — ik 


ik 


K+ — 


< 








K 




K 


K 



< const. |fc| 3/2 < const. |A_ 



Therefore, using (|45|) and (|46l) . we get 

\ 9l>1 (k,a) + 2a\ < 



const. crel A -l CT min{l, | A_ | (a + 1)} for |fc| < 1 

const. el A -l CT min{(cr + 1 + |A_ |), |A_ \ 2 a(a + 1)} for jfcj > 1 



(47) 



Collecting these bounds yields 



1 



g 1A (k,a)Q 1 (k,s) + 2aQ 1 (0,s) ) ds 



< const. e A ~* / \g lt i(k,a) + 2a\ Hi(k, s)ds + const. e A_t |fc| / a dkQi((,s) 



A_ti 



ds 



The second term of this inequality on Iffe \ can be integrated and bounded due to (]109[) . and is in B a ^ ; 
by (|116p . For the first term, using Propositions and [2U1 with the bound (|4"?| we have, for |fc| < 1, 



±e-«C*-i) 



(<7l,l(fc, cr) + 2cr) Qi(fc, s)(is 



const. ( i/2 a (fc,i) + -^fi a (k,t) + ^fi a (k,t) ) . 



and for |fc| > 1, 



t e -<t-l) 



[gi,i(k,a) + 2a)Qi(k,s)ds 
1 

7^72 



'■oust. ( ^fi a (k,t) + -^[i a (k,t) + ^p, a (k,t) j . 
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which shows that i)^ 1 € S a 3 1 . 

We now bound 773 * 1 , which, using (|116[) . yields 

ft 

(s-l)Q 1 (0,s)ds 



e -«i _ e ~V-ikt 



< const. 


e -V=ikt 







\k\ 3/2 t e £ Qj00 , 2 . 



Finally, using (|116l) . we have 



IC' 1 ! 



- i k I 



< const. 









£3/2 ^ ^a,oo, 



(s-l)Q 1 (0,s)ds 

Gathering the bounds on the ffy yields ((33]), and by the opening remark of the proof also PH) . ■ 
4.4 Leading order in d^u 

For technical reasons that will become clear in the procedure of extracting second order asymptotic 
terms, it is necessary to give tighter bounds on d k Q\ = v * d k Q) + d k F\ and d k u (we recall that u) is 
continuous on R and C 1 on R\{0}, and that the derivative on R is to be understood in the sense of 
distributions). From pQ we have 



with 



1 



2 
1 

r 



d k uj 1AA (k,t) = -(d k e- KT ) I /i,i(M-l)Qi(M)dfl 
d k ui 2 ,i,i(k,t) 
with /x,i given by (|40l) . with 



(9fc/i,i(fc,s- l))Qi(fc,s)e2s 



2fc 



2 k 



and 



2«fc 



•2i- 



We have, from (1421) . 



A' 2 



.Cl 



2 k 



dfcO> as (fc) = i— - ( 1 



' —ikt 



te 



-ikt 



with ci as defined by ((29)) . Note that d k (2} as € <B Q ,oo,o- We now show that 
Remark 11 iVoie i/ioi 

F~ l [-id k L) as (k,y)] =xuj w (x,y) = xF~ 1 [u) gBt i(k,y)] 
Proof. In order to prove (1531 we note that 

K<9 fe wi,i,i(M) + K<9fcW 2 ,i,i(M) - Kd k ui &s (k,t) 
2k -i „ 



1 

2 6 



i 2 M 



/i,i(fc,s- l)Qi(fc, s)ds 

Kd k f lt i(k, s - l)Qi(fc, s)ds 
1 



1 —ikt 



te~ 



- i k I 



(s - l)Qi(0,s)ds 



(48) 

(49) 
(50) 



(51) 
(52) 
(53) 
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We rewrite this expression as a sum of terms which can easily be bounded. Namely, 

5 
i=l 

with 



2k -i 
2k - i 



t | e -"V-V - e ~ Kt 



fi,i(k,s- l)Qi(k,s)ds 



— •J—ikt 



Kd k Lb r 2 = — re K J s - l)Qi(fc, s)ds - i-te 

K d k Cu r 3 = i (e^*" 1 ) - e"**) / ndkfoik, s - l)Q x (fc, , 



(s- l)Qi(0,«)dfl , 



K.d k &l = -e Kt J Kd k fi,i(k,s-l)Q 1 {k,s)ds + 



-ikl 



nOkCu^ = -i- [ 1 - 



-ifct 



— yf — ikt 



(s- l)<3i(0,*)dfl 



(s-l)Qi(0,s)dfl , 



In the rest of this proof, we apply without mention (|114[) to eliminate spurious powers of |A_| whenever 
the conditions of Propositions IT9l and l20l require it. 
First we have 

L-K{t-i) _ e -nt^ 



\KdkU)[\ 



2k - i 



h,i(k,s- l)Qx(k,s)ds 



< const. (l + |/fc|)ie A -( t - 1 )|A_| / (1 + |A_ |)gl A - l ff min{l, | A_|<r}/ii(fc, s)ds 



, 1 - 1 - 1 - 

< COnSt. t [ + + ) , 



showing that ndk&\ <E & a " ,\,\- 
For ndkto^ we have 



-Vre- Kt / f 1A (k,s-l)Q 1 (k ) s)ds-i^te-^ mt 
4 Ji ^ Ji 



(s- l)Qi(0,a)da 



Ok — i f - K 

--^ie - ** J f ltl (k, s - l)Q!(fc, s)ds - i-te-^t ^ 
Ok — j 

' ' " -/i,i(M-i)Qi(M)<fr , 



(s-l)Q 1 (0,s)ds 



n 4 

where the last term can be bounded by applying Propositions \T^\ and [201 so that 



(54) 



2k — i 

" ' -1— /i,i(fc,s-l)Qi(fc,s)ds 



< const. e A - r ^" (l + |A_| 2 )e |A - |,T min{l,|A_|CT}^i(fc,s)ds 



: consi . ( -/2 a _i(M) + 75/2^0-1(^1*) + ^jAa-i(M) ) ■ 



whereas for (154p . we get 



Ok — i f - K- j rr- 

^r-<e- Kt y /1,1ft s - l)Qx(fc, s)ds - i^te"^' ^ 



2k -i 



e Kt _ £ -V-ikt 



/i,i(fc, s - l)Qi(fc, s)ds + e 



zk(s — l)Qi(0, s)ds 



(s-l)Q 1 (0,s)ds 



in{s — l)Qi(0, s)ds 



2k - i 



f ltl (k,s-l)Q 1 {k,s) + iK(s-l)Q 1 (0,s) ds 



(55) 
(56) 
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For flSSJ) we get, using (fTTTj) and (fTTB|) . 



(V^-e^^ 7 ^*) / i/s(«- l)Qi(0,s)ds 



< const, i 









00,2 



To bound (|55|) we note that, using (|108l) . 

2fc - i 



s - l)Qi(fc, s) + - l)Qi(0, s) 



2fc- i 



s - 1) + i«(s - 1) Qi(k, s) + ink(s - l)d k Qi{(, s) 



for some £ £ [0, k], which allows us to rewrite (|5S|) as 

Ft (2k -i 



1 V 2 



/i,i(k,s- l)Qi(fc, *) + **(*- l)Qi(0,») ds 



2fc - i 



/i,i(fc, s - 1) + ik(s - 1) s)cis 



(57) 



For the last term we have, using (|116|> . 



ink{s — l)dkQi(C, s)ds 



To bound (|57|) we use that 
2k-i f 

— 7; — fl,l(k,(T) + IK(J 



2k - i 



k e KCT + 



< const. e A - t \k\{\k\ 1 / 2 + \k\)Vt£B 



\+K) 2 c -na 2 |fc|(|fc|+«) c _| fc | g 

ik ik 



l + *) 2 c - w «r o lfc|(|fc| + «) c -lfcl«r 



- - ((e KCT - 1 - Ka) - (e~ KCT - 1 + ko-)) 
+ J*lM( r _ 1) _ (e *_ 1 ) )) 

which, using the usual bound on /y and using the fact that leading order terms cancel where we put 
them in evidence, we get 

2k - i 



/i,i( fc > cr ) + iKa 

< const. (|fc|(l + |A_|)min{l, |A_|a} + min{l, | A_ |cr}| A_ |ct + |A_ \ 2 cr)e^- l ff 
which, using Propositions 1191 and 120) yields 

e~ Kt J (?*^±f ltl (k, s-l) + ik{s - Qx(k, s)ds G B a _i, 4 , a ■ 

All in all, we thus have K,dk&2 £ | i- 

To bound ndk&z we use the bound (see pQ) 

1^/1,1^,(7)1 < const. (l + |A_| 2 )ael A -l ff , 

and using Propositions [T(J] and [30] we get 



5 (e- K( *- 1} - e- Kt ) ^ Kdkf 1A (k, a - l)Qx(k, s)d. 
< const. e A - (t - 1) |A_|^ (1 + |A_| 2 )(re |A - |ff /*i(ifc, s)ds 



, 1 - 1 - 1 - 

< COnSt. [ Tf^a-l + 7^7^ Ma-2 ~ T3 
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Thus, KSfcWg <E B a „ ^ 

To bound nd k uj\ we use that 

1 _ t /"* * 1 

K<9 fc W4 = -e~ Kt / nd k fi,i(k,s - l)Qi (k,s)ds - -e 



- / k /. 



kv— ik 



(s-l)Qi(O, 



(.5- l)Qi(0,a)da 



/ I K>9kfi,i(k, s — l)Qi(fc, s) — 



K\/—ik 



(s- l)Qi(0,a) rfs 



We first bound ([58|) using (fTTTj) and (fTTB]) . We have 



■ „ — ftji „ — \/ — zfoi 

2 ,e _e 



{s-l)Q 1 (0,s)ds 



< const 

To bound ([511) we note tnat i using (|108D . 



Kd k f hl (k, s - l)Q x (fc, s) - ^^(s _ 1)^(0, s ) 

= f «^/i,i(fe, s - 1) - - 1)) Q x {k, s) + ^^k(s - l)d k Qt(C, s) 



for some ( £ [0, k]. We next analyze 

Kd k fis(k,a) - K ik a = i 



\k\ 

k 2 + K 2 



-\k\a 



1 - e 



2i 



k 2 + \k\n (k 2 + k 2 



k 2 V 2 



\k\ne 



-\k\a 



For the last line we have, using (lllOj) . 



and therefore 



Kd k fi.i(k,o) - ik a 



< |fc|+const.^min{|A_| 2 ,|A_| 3 } 

< const. (|fc| + |fc| 3 ) < const. |A_| 2 (1 + |A_|) 

< const. (1 + |A_| 2 )|A_|(j((7 + l)e |A - |CT 



We can now bound Namely, we have 

1 _. 



2 6 



Kd k fi,i(k,s- l)Qx(k,s) 



K\/—ik 



(s- l)Qi(0,s) ds 



\e~ Kt I Ud k f hl (k, s - 1) - ^_^( s — 1 i ) () , (/,, , „/.s 



( I k\J —ik(s — l)d k Qi((, s)ds 



< const, e 



A_t 



(1 + |A_| 2 )|A_|<Tse' A_ ' (7 jLii(A;, s)ds 



+ const. e A -*(|fc| 1/2 + |fc|)|fc| 1/2 \/I 



l(i 



where by Propositions IT51 and EDI and inequality (I114p . the first term is in B a _ 2 a x and where due to 
(|116p the second term is in B aoo ^. Thus we get ndk&l € B a „ i X . 
Finally, to bound K<9fcw£, we use (|116[) . so that 



- Z A:: / 



(s - l)Q 1 (0,a)ds 



< const.(|/c| 1 / 2 < + l)(l + Ifcl 1 / 2 ) 
Gathering all the bounds on the nd^QSl leads to (f5B")) 



— *J—ikt 



1 



e B a , 00,3/2 • 



4.5 Improvement of the bounds on the non-linear terms 
Improvement of the bounds on Qo and Q\ 

From Section [3] we know that 

Qi = (ui + 4>) * u + F 2 e B a i A . 

The force term F 2 is a function of rapid decrease in k and of compact support in t and will thus not 
intervene in our bounds. Using ((32), fH|) . POP - (1521) . Propositions [51 and [TBI we have 



-0 * (cD — U) as ,l) G <Bq/,4,i 
- ^as,l) * Was,! € Bqi',4,. 



(60) 
(61) 
(62) 



For the term ^as,i * w aSj i we can take advantage of the particular form of the explicit functions in direct 
space in order to improve the index p by 1/2 in comparison to what would be possible with the bounds 
on the convolution. In direct space we have, 



y 



i'lix/y) ■ \u w {x/y 2 ) , 



3/2 



where ip\ and ojw are explicitly represented by and (|105[) in Appendix lA.il We use various properties 
of these functions as well as their derivatives of order n, represented by the superscript ( n \ which are 
easily understood from their explicit representation and shall thus not be proved. We show that using 
the definition of the function spaces B aiaa ^ q we can improve the bound on Q\. We require that all the 
terms of the form 



(\k\y 2 ) a Qt(k,y) =(\k\y 2 ) a 

aj + 1, be bounded. Since 
for \z\ — > 00, we may integrate by parts and we have 



ikx 



1 



.,9/2 



ipi(x/y)ujw(x/y 2 )dx 



for a € N, < a < [a\ + 1, be bounded. Since, for n > 0, all the ip^ and uiff are m C° 



and vanish 



(\k\y 2 TQi(k,y) 



y 



1 



9/2 



y 



d x (tpi(x/y)uw{x/y 2 )) dx 



We then make use of the Newton binomial to expand the partial derivative of a product of functions in 
terms of a product of ordinary derivatives, 

{\k\y 2 YQi{k,y)\ 

< const, f J r ±, ± {^^[ n \x/y)\^\^- n \x/y-)\dx . 



Using the essential fact that 



sup 

zeR 



{\z\ n+3/2 \ip[ n) (z)\) = const. < 00 , n > , 



(63) 
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and that all the uiyy are zero for z < 0, we have 



a i r 

(\k\y 2 TQi(k,y) < const. ]T—-^ / 



v n+3/2 

y (a—n) 



x n+3/2^W 



dx . 

,(«) 



Finally, using the change of variables z — x/y 2 and the crucial fact that all the uj)^' have exponential 
decay when z — > 0, we have 



(l%TQi(fc,y) 



< const 



n+3/2 /-oo 



9/2-n 



(a—n) 

w: 



< const 



a 1 



^2n+3 z n+3/2 
— n) (z) 



2/ dz 



z n+3/2 



dz < const.— r . 

y 4 



From this we have q = 4 and thus "088,1 * a> as ,i G #a,oo,4- We conclude, with (|5D|) (|6*2"|) . that 
Similarly, we have 

Qo S Sq._i,4,3 , 

where the index q — 3 is due to the product Cj * t). In light of (|64p we define 



Mi := 



(64) 
(65) 

(66) 



to replace ifTB")) from now on. 



4.5.1 New bounds 

It is now possible to reevaluate the bounds on all functions presented in Proposition [5J 
Proposition 12 Let a' > 1 and 5 > 0. FFe /la-ue 



^1,0 




,f-5,2 


01,1 




i 3 


01,0 


e6 tt 


M-5,2 


01,1 G #a',i,3 


02,0 


eB« 


,3,2 


02,1 




,3,3 


02,0 




',3,2 


02,1 € Bq',3,3 


03,0 


e6 a 


,3,2 


03,1 


ee„ 


,3,3 


03,0 


e6 a 


',3,2 


03,1 G ^a',3,3 


&1,0 


e6 a 


,4,3-5 


&1,1 


eB^ 


,3,1 


»7i,o 


eS a - 


,3,2-5 


?)l,l G Ba',2,0 


^2,0 


eB a 


,oo,3 


W 2 ,l 




,oo,3 


j?2,0 




,oo,2 


f/2,1 G £> Q ',oo,3 


^3,0 


eB a 


,4,3 


W 3 ,l 




,3,3 


V3,0 


eB a , 


,3,2 


??3,1 G B a ' t 2,2 



Proof. This is straightforward by the new bounds and (|64[) . For 0)2,1 and 7)2,1 we make use of 
an existing factor er—" -1 ' (see [9]) and apply (|113|) . just as was done for Cj 2 ,o and 7)2,0 in the proof of 
Proposition [5) ■ 

Remark 13 We also have 

0J - Was,! G Ba',3,2 , (67) 
17 - %B,1 G Sa',2,1 • (68) 

Improvement of the bound on dkQi 
From [T] we have 

dkQi = v * d k Cj + d k F 2 G B a z 2 . 

The term dkF 2 is a function of rapid decrease in k and of compact support in t and will thus not intervene 
in our bounds We use Propositions [12] and [T8l (|32l) , (l48l) and ([53]) to show that 



Cj * <9 fe c2; G Z? a ',4,2 
* (9 fe d> - <9 fc a) as ,i) G B a „ 5 

(0 - 0as,l) * <9feW aS! i G /3 Q ',2,oo 



(69) 
(70) 
(71) 
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Since 



T [dk&aa](x,y) = -^u w {x/y ) 

yA 



we again use property (j63|) of i/'as,i and the fact that uj^\(z < 0) = 0, for all n, to show that the 
convolution product V'as.i * <9/cd) as can be bounded in direct space in order to improve the index p by 1/2 
in comparison to what would be possible with the bounds on convolution. The calculation is slightly 
longer than in the previous section, but the steps are exactly the same, so that we omit the details of 
the proof for the sake of concision. We finally have 

$as,l * dktias € 

and we thus get 

d k Qi G Bo»A2 ■ (72) 

4.6 Second order in ip and <p 

Applying the new bound (|64l) for Q\ in a straightforward manner, and in view of Proposition 1121 and 
Remark [9l we find that the second order terms of ip and (p are to be extracted from ^1,1 — V'as.i an d 
</?i.i — ^as,ij respectively. Inspecting the limits of these quantities motivates us, in a similar way as in 
the case of the leading order of ip and ip, to define the functions 



&.,a(M) =- (ci\k\ + ±C2ikj e-l fc l* 



(73) 



with ci as defined by (|29|) and 



~.,.,>(A'./) = - (d*A-ipa|A|)e-l fc l* . (74) 



< , = / (s-l) 2 Qi(0,s)ds . (75) 



Note that ip as ,2, </?as,2 € Sq',i.oo- We now show that 

■01,1 - - V>as,2 G B a //,|_j j0o , (76) 

01,1 ~ <£as,l - ^as : 2 G Sa,»,|_5,oo • ( 77 ) 

Proof. As already for the leading order term, we have 

m 

$1,1 - $as,l = -r(^l.l - <^as.l) , 
IK 

so that all bounds for ip — "0as.i are the same as the ones for tp — </3 aSj i and we only need to present the 
proof for ip. We set 



i=l 



where 



$I' 2 = ~ (e-IW" 1 ) - e-l fc l*) /"* (/ii,i(A;,a) + 2kg) Q x (k,s)ds 



-- i e - |fc|t J ((/ii,i(fc, ct) + 2kct) s) + (2|fe| + ika) ctQi(0, s)) ds , 

$3' 2 = e" |fc| *y V^ik(rQi(0 1 s)ds~e- lk ^ t - 1) J KuQ 1 {k,s)ds, 

1 /-oo / N 

^< 2 = -e~ |fc|t y ^2>/=ifr + 2|fc| + ifctrj (iQi(0, s)ds . 

We first derive some bounds on given by (|27[) . One has the straightforward bound 

\hx,x(k,a) + 2na\ < const. (1 + |fc| + (|fc| 1/2 + |fe|)o-)e |fe|<T , (78) 
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and since the leading order terms cancel, we also have 
\hi A (k,a) + 2k(t\ 



< 



< 



(l_ e |fck) + 



+ K 



(e- |fc|ff - 1) -2 



ik 



( e -|*k - 1) -2 



K(|fc| +«) 

ik 

K\k\ + \k\ 2 



{e- Ra - 1) + 2kct 



(e- Kff - 1) + 2(e- KCT - 1) + 2kct 



ik ik 

< const. (|% + (1 + |fc|)|fc|<7 + (Ifcl 1 / 2 + \k\) 2 a + ((Ifcl 1 / 2 + |A;|)a) c+1 )el fe l c 

< const. (|fc|( c+1 )/ 2 + \k\ 2 )a(<7 + l) c 



,\k\c 



(79) 



with c = {0, 1} depending on whether we use the 2na term to cancel an additional term in the last 
exponential or not. We have another straightforward bound, namely 



\hi,x(k, a) + 2no + 2\k\a + ika 2 \ < const. (1 + \k\ + \k\ 1/2 a + \k\a{a + l))e |fc|<T 
and, using that leading order terms cancel, we also have 
\hi,i(k,a) + 2na + 2\k\a + ika 2 \ 



(80) 



< 



. e \kW _ e -|fck + Jfc|(|fc|+«) c -|fck _ 2 <\ k \ + K ) c - 

ik 



ik 



< 



'V 



2kct + 2\k\<7 + ika 2 
(e-^° - 1 + |% - ^|*|V) - (el fe l ff - 1 - |Jb|tr - ^\k\ 2 <A - \k\ 
+ 2 mk \ + K \ e-M° 1 + \k\a) 2 ^!+^) (e — _ 1 + Ka) + ifco a 
Rearranging the terms we get 



\hi t i(k,a) + 2kg + 2\k\a + ika 2 

1 



< 



i + |%-§|fc|V 



e l fc l CT - 1 - \k\a- -\k\ 2 a : 



2 l*l(l*l + *) (e -|*fr _ ! + _ 2 M (( 



- 1 + Ka) 



2(e" 



1 + ko) — na' 



< const. {{\k\ 3 a 3 ) + {\k\^ 2 + \k\)(\k\ 2 + \ K \ 2 )a 2 + (N V))< 

< const. (|fc| 3 / 2 + |fc| 3 )<7V + 1 ) • 



\k\c 



(81) 



We now bound the terms ip^' 2 . Using Proposition [2U with the bound (I75|) and Proposition [53] as with 
(|T9")) . as well as inequality (|114[) where necessary, we have 



|fe|(*-l) _ e -\k\t 



< const, e 



-\k\t 



(/ii i i(fc, ct) + 2na)Qi(k, s)ds 
\hi t i(k, a) + 2na\[j 1 I 1 (k, s)ds 
< const. e- |fe|( *- 1) |fe| y " (1 + \k\)\k\ase W ' 7 ^ I 1 {k,s)ds 
+ const. e-^K*" 1 )^] / (1 + + ({k^ 2 + \k\)a)e^ ii{{k, s)ds 



■ r " usl • ( ^/W-lCM) + TT/jMa'-lCM) + ^j/W-lXM) j . 



which shows that € 2?q,' 
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For -02' 2 we split the integration interval into two sub-intervals, [l,t p ] and [f,f], with < p < 1. We 
also rewrite the integral over the first sub-interval using (|108l) . so that 



r,2 = 1 -\ k \t 



— e— 1*1* 
2 

I«-|fc|t 



± e -l*|t 



cr) + 2kct) Qi(fc, s) + (2|fc| + ika) crQi(0, s)) ds 
^ ((^i,i(fc, cr) + 2kct + (2|fc| + ika) a) Qi(k, sfj ds 



v 



(2\k\+ika) akd k Q l {Q,s)ds 



(hi,i(k,a) + 2na)Q 1 (k,s) + (2\k\ + ika) aQ^O, s)) ds 



For ((82]) we have, using Proposition [22] with the bound (l8T1) and Proposition l23l with (|80|) . 



i«-|k|t 



(hi,i(k,a) + 2na + (2\k\ + ika) a)Q 1 (k,s)) ds 



< const. e" |fc| * J a) + 2na + (2\k\ + ika) a\fx{(k, s)ds 

t+i 

< const. e~ |fc|t ^ 2 (|A;| 3 / 2 + |A;| 3 )cr 2 sel fe l>f(fc,s)ds 

+ const. e-l fc l* / (1 + |fc| + {k^a + |/c|crs)e |fc|CT /i((fc, s)ds 



nmM - ' t 3^2-s Vt' ( fc ' f ) + tfVcL' (k, t) + ^p a , (k, t) j = 4 i>2 



For ([83]) we have, using ([TT5]) . 

1 /"* P 

-e" |fc|t / (2|fc| +ika)akd k Qi(C > s)ds 

< const. e" |fc| *|A:| 2 / sa-zds 
Ji s 1 



For 



we have 



-1*1* 



< const, e 



< const. e~ |fc|t |fc| 2 (t p + log(l +*)-!)€ £ Q <, 2 - P ,c 



(/ii,i(fc, cr) + 2kct) Q^fc, s) + (2|fc| + ika) <tQi(0, s)) 



-1*1* 



(/ii,i(fc,cr) + 2Kcr)Q 1 (fc,s) ds + const.e |fc|t |A;|— , 



(82) 
(83) 
(84) 



where the second term is in Sa^i+p.oo by (|115[) . Wc split the remaining integral into two sub-intervals 
after setting p < 1/2, and make use of ([T5]) and ([75]) . respectively. We get, using Proposition[23]to bound 
the second integral, 



-1*1* 



|(/i M (fc,(r)+2«CT)<3i(fc,s)|ds 



e -|*l* / n k \i/2 + \k\ 2 )ae Wa n{{k 7 s)ds + e~^* / (1 + \k\ + Qk] 1 / 2 + |fc|)cr)e |fe| <V( (fc, s)ds 
^ e -l*[*/a ( | fc |i/a + | fc | 2) _l_ + _1_ MM ) + ^MM)) , 



< const 



where (j 1 1 5[) allows to bound the first term, so that this expression is in B a , 2 P +i j- Therefore, if we 



chose p = 1/2, then ^ 2 e B a ,^_ s ^. 
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To bound ij^ 2 we note that 



1^3 



1 ,: (* ^^ikaQ 1 {Q,s)ds-e-^ t -^ 



KaQi(k, s)ds 



< 



< e -\Ht _ e -|fc|(t-i) 



n<jQi(k, s)ds 



-\k\t 



-\k\t 



ik — k) <jQi(k, s)ds 



-ikkadkQi(C, s)ds 



< const. cr(J,{(k, s)ds 

+ const. + const. 

which, using Propositions \TZ\ and 1^1 (jllO|) . and when necessary (I114[) for the first term and (| 1 1 5[) for 
the other two terms, shows that 1/S3' 2 £ B a ,, a_ s 5 . 
y 4 ' 2 we simply intc 

1 



To bound $J 2 we simply integrate with respect to s and then apply (|115[) . 



e~ Wt j (2^/^ik + 2\k\+ika S j aQ 1 (Q,s)ds 
< const. e — IM*(j fc |i/2 + + e-l fe l*|fe|i G B a , 



Gathering the bounds on the ^p 2 yields ([TBI , and by the opening remark of the proof also (l77l) . 

4.7 Final improvement of the bounds on Q , Qi, and dkQi 
Using Proposition [TJ flU), flU]) and (JZBJ), we get 

$ * (w - w aS) i) e B a » | i0O , 

(V> - $as,l - "0as,2) * Was,! G B a ,,&_g >00 ■ 

For the term (?/> a s,i + ^as,2) * w as .i we can proceed exactly as in Section [4.51 thanks to the fact that 



sup 

zeR 



We conclude that 
and therefore 
Similarly, we have 



{|zr +2 |4 n) (^)|} = const. < 00 , n > 

(V'as.l + Ipnsa) * <^as,l G 

Qi G B a „ 'A_ S i . 

Qo e B a „ 9_ S3 , 
9feQi G B Q « i_A2 ■ 



In the light of ([55)1 . we define 



(85) 

(86) 
(87) 

(88) 



to replace (|66[) from now on. 
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4.8 Second order in fj and u) 

Applying the new bound (1851) for Q\ in a straightforward manner, and in view of Proposition 1121 and 
Remark [9l we find that the second order terms of fj and uj are to be extracted from 7)1,1 — ??as,i and 
wi,i — w as .i, respectively. Inspecting the limits of these quantities motivates us, in a similar way as in 
the case of the leading order of fj and ui, to define the functions 



r%,, 2 (M) = -ei^LA-^ 



■ik 



(89) 
(90) 



^ 2 (fc,t) = ci(|fc|- i fc)e-^ t , 
with ci as defined by (|29[) . Note that ?)as,2 € i3 Q ',oo,i and w a s,2 € /So'. 00, 2- We now show that 

#71,1 - Oas.l - *7as,2 € B a »_l,§_« )2 -« , (91) 



^1,1 — W as I — W as ,2 € £>„ 



-1,5-5,3-5 • 



(92) 



Remark 14 The bounds \86\) and \85)) for Qo and Q±, respectively, also show thatu>2,i € ^a",oo,3; using 
M13\) and 0)3.1 G B a ,, ?-s,3- This means, as is already mentioned in Remark\Q that only 0)1,1 plays a 
role in 



Proof. As for the leading order term, we have 



ik 



Wl,l - Was.l = —(7)1,1 - 7)as,l) , 



so that for the same reasons, the 23 a ,p, g space of the second order term of Cj has indices p and q greater 
by 1 than that of the second order term of fj, and thus we only present the proof for fj. 
In order to prove (|9ip we analyze 



r)l,l(M)-?)as,l(M)-f)a S ,2(M) = -e^*"^ 



-ikl 



<7i,i(fc, s — l)Qi(fcj s)ds 
\k\ ~ik 



2 1 



1 —ik 



(s- l)Qi(0,s)ds 



We rewrite this expression as a sum of terms which can easily be bounded. Namely, 



m 



i{k,t) - r) as ,i(M) - f] as . 2 {k,t) = J^C 2 . 



with 



»r.2 



-r,2 



»r,2 



»r.2 



1 /"* 

5 (e- K( *- X) - e"**) y (g hl {k,a)-2^Ko-)Q l {k,s)ds , 



2|fc| 



cr<5i(0, s) I ds , 



=cr(5i(0, s)ds , 
ik 



e -Kt _ £ -V-ikt 



s r,2 -J^ikt 



- ■ ] \k\-ik 
\l —ik 



y—ik 
crQi(0, s)ds 



aQi(0, s)ds , 



The term fj[' must be bounded by Propositions IT91 and l2"01 for |fc| < 1 and \k\ > 1 separately. We use 
the bounds 



9i,i(k,a) - 2— a 



< 



const. CTel A -l ff min{l, |A_|(er + 1)} for |fc| < 1 

const. el A -l CT min{(l + |A_|s),|A_| 2 cr(CT + l)} for \k\ > 1 



2.3 



which can easily be obtained from (j9"5)l . For |fc| < 1 we have 



{gi,i(k, a) - 2—Ka)Qi(k, s)ds 
ik 

t+i 



< const. e A-(*-i)| A _| / |A_| CT sel A -l CT /if (k,s)ds 



+ const. e A_(t-i)j A _i /* CTe |A_|<r // (k, s )ds 

< const. ^Ma" i k , t) + t y 2 _ s Ua" (k, t) + -j^ft a >> (k, t) 
and for > 1, using (| 1 14[) to deal with the spurious |A_| factor, 



r,2i 



g -«(t-l) _ e -ret 



(5i,i(A;,ct) - 2— Ka)Q 1 (k, s)ds 

t+i 



< const. e A_(t-i)| A _| / " |A_| 2 asel A -l CT Mf (M)d« 



+ const. e A - ( *- 1} |A_| / (1 + |A_|s) e l A -l CT ^ / (fc, s)ds 



- ( ' onM - ( £f#a"-l(M) + t9/2 _ g Ma"-l(fe)t) + ^j/l a //_ 1 (fc,t) 



This shows that t)[' 2 is in B Q , / /_ 1 2 . 

For f^' 2 we use the fact that, using (|108l) . 



V ?fc / \/-ifc 



k 2|fc| \ - 2\k\ 

gi,i(k,a) - l-j^o + —j==o \ Qi(k,s) - ^ r — akd k Qi(C, s) > 



for some £ € [0, k]. We analyze the expression 

(h x 9 « , 2|fc| k f KCT , (|fc|+ K ) 2 



. — ife ifc V iA; 
in some more detail. A straightforward bound is 



, |fcl(lfcl + «) c -|fck 



2na 



2\k\^/ = ik 



^ ~ K 2 \ k \ 

gi,i[k,a) - 2—Ko + — a 
ik J-ik 



K 
ik 
K 

ik 



ik 



< 



, lfcl(l*l+«) c -lfck 

ik 

2\k\ 2 + 2\k\n 



2na 



2\k\^ik 



K 

(e - _ i) _ (e — _ i) + w + w n e - m _ 1} _ (e -| fck _ 1} \ 



2|fc|V^ 



< 



const. (1 + |A_|)crel A -l CT for |fe| < 1 

const. (1 + |A_|(cr + l))el A -l CT for jfcj > 1 



(93) 



but we may also cancel leading order terms so that 



ffi,l(ft,cr) - 2 ^T Kf7 



2\k\ 



-ik 



ikV 2 ' K 2 ' 



+ «(3*C+2W5( ( .--_ 1 + „ ) _ ( ^._ 1 + I* W )) 



K (2\kf + 2\k\K n , . . 2|fc| v /Z ifc 

tt r, K - K)cr er 

ik \ ik k 
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where the third term reduces to — 2i\k\ (k— \/—ik) a/k. This yields 



/, n „« 2|A;| 
gi,i(k,a) - 2— no + — a 
ik v—ik 



Collecting {S3) and we have 



< 



const. |A_| 2 cr((T 2 + a + l) e l A -l' T for |fc| < 1 
const. |A_| 3 cr (cr 2 + cr + l) el A -l ff for jjfej > 1 



/■ x „ K 2 l fc l 
3l l(fc,cr) - 2— kct + —j==o 

ik V-tk 



< 



const. min{(l + |A_|), |A_| 2 (cr 2 + cr + l)}crel A -l CT for \k\ < 1 

const. min{(l + |A_|(cr + l)),|A_|'V(cr 2 + cr + l)}el A -l ,T for |fc| > 1 

r.2 



We can now bound 7)2' by splitting it into two terms. We have 

r,2, /"V^ „_ _N o K .._^ „_ ^ , 2|fc| 



'/2 



< 



2 e 



k 2\k\ 

(gi i(k, a) — 2 — na H ==(7)(3i(fc, s)ds 

ik ' 



-ik 



* \k\ 



\J —ik 

For the term (|M|) we get, for \k\ < 1, 



akd k Qi((, s)ds 



k 2\k\ 
(3 M (fc,cr) - 2— kct + ^ r — cr)Qi(k,s)ds 



< const, e 



\A-\ 2 {a 2 + s)ae\ A -^fi{ I (k,s)ds 



+ const, e 



< const. 



A_t 



i2 -<5 



(l + |A_|)<rel A -l <T /if (jfc,a)da 

1 r £a"(M) + fS/ 2_g Ma"( fc » t ) + £j/W'(M) 



and for > 1 



k 2|fc| 
(91,1(^,0-) - 2— kct + -==<r)Qi(fe, s)ds 



< const, e 



A_t 



|A_| 3 cr(cr 2 + s) e\ A -\"i4 I (k,8)da 



const, e 



< const. 



A_t 



(l + |A_|s)el A -l ff /ii 7 (fc,s)ds 



The term (|97p is bounded using (|116p . so that we get 
r * |fc|fc 



<7dkQi((,s)ds 



< const. 









|Af /2 log(l + <)e£, 



a ;/ ,00, 3— (5 



and thus jg' G B a ,,i_ 5t2 _ s . 

To bound Jjg' 2 we can rearrange the terms and use (llOSp to get 



f)l> 2 = er Kt (e K - 1) / 4f naQx{k, s)ds - e 



-ikl 



1 ifc 



/A: 



-ik 



<jQi(0, s)ds 



?'A' 



iA" 



* / K 2 

^- (e K - 1) - -= 
ik K ' J=ik 



<t(3i(0, s)ds 
aQi(k, s)ds 



+ e 



1 ik 



1 —ik 



ka d k Q 'i(C) s)ds , 
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for some £ <G [0, k]. We then get, using for the first term (lllip . 



|?73' 2 | < const. 
+ const. 
+ const. 



— \J —ikt 



Ifcl 3 / 2 ^! 1 / 2 



<jQi(0, s)ds 



-ikkadkQi(Ci s)ds 



4 U 2 



For the third term we use 

H 2 



^- (e K - 1) + V=ifc 

IK 



— (e K - 1) + crQi(fc, s)ds 



-zfc (e K - 1) - (e K - 1 - re) - re + V-ifc 



which is bounded above, using (I110[) , by 

const. (|fc||A_| e l A -l + |A_| 2 e |A -! + min{|A_| 2 , |A_| 3 }) < const. |A_| 2 e |A -! 



We therefore have 



\ffe 2 \ < const. 



(|fc| 2 t+|fc| 3 / 2 log(l + *)) 
+ const. e A - t el A -l^' |A_| 2 cre |A - |CT /x( z (fc,s)ds , 

which, due to (|116[) . Propositions [T(J] and [201 and using (II 14[) to trade, where appropriate, one factor of 
|A_| for a factor t _1 , shows that fj^' 2 £ B a "-i,4-,5,2- 

To bound fQ we rearrange the terms using (jTUSJ) , for some £ £ [0, fc], such that 



< const. 

+ const. 

< const. 



-ikt 



-ikt 



- i k i 



4 're 2 



— + 1 ) crQ 1 (0,s)ds 



rt re 2 



I —kad k Qi(C,s)ds 



+ \k\ 2 ) log(l + i)) 



We then use (|1 16[) to show that f}^ 2 £ yB a » j00 ,2-«5. 



For r)g' 2 we use (jllip and (|110|) . so that 



I'M 



r,2i 



< const. 



- / k I 



\k\ i ' 2 t{l+\k\ 1 ' 2 ) £ B a , 



,oo,2 



Finally, using (|116l) to bound f)g' 2 , we get 



l€ 2 l = 



— \/ —ikt 



00 ' \k\-ik 
v — ifc 



crQi(0, s)d< 



< const. 



(l + |*| 1/2 )^eB Q «,oo,a 



Gathering the bounds on the rf^ 2 terms yields (pJTj) , and by the opening remark of the proof also 
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A Appendix 



r 3 ^r + 1 
1 r + 1 — z 2 — zr — 2z 



A.l Explicit expressions for the asymptotes 

The following are explicit functions for which Theorem [T] is true: 

1 r + 1 — z 2 + zr + 2z 

(pi(z 

■01 (Z 

r/ W (z 



ujw(z 
Vb{z 

U! B (Z 



4^ r 3 vV + 1 
1 2z 

1 1 - z 2 



2tt r 4 ' 
1 l-z 2 



7r r* 
1 2z 

1 f e-V**, z>0 
2V^l °> z<0 ' 
1 J(l - 2z)e- 1 / 4z , z>0 
X z < 



4V7TZ 5 10, 

1 j2z+ V^R(1 -2z)e~ 1 / 4 *(l -erfi(l/ A /4|z|)), z > 
_ 4ttz 3 |2z + V^R(! - 2z)e- 1 / 4x (l - erf(l/ v /4lz|)), z<0 ' 

1 |2z(l-4z) + x/7r]i|(l - 6z)e~ 1/4z (l - erfi(l/v / 4jz|)) J z>0 



where 



8ttz 4 1 2z(l - 4z) + v/^R(l - 6z)e^ 1 / 4z (l - erf (l/^/iflj)), z < 



Vl + z 2 



(98) 
(99) 
(100) 
(101) 
(102) 
(103) 
(104) 

(105) 
(106) 
(107) 



These functions are obtained by taking the inverse Fourier transform of the asymptotic terms calculated 
in Section [4] 



A. 2 Technical aspects of computations 
Mean-value theorem applied to Qi 

Applying the mean- value theorem in the variable k we have 

Qi(k,s) = Q 1 (0,s) + kd k Q 1 (C,s) , 

with some ( <E [0,k] and (see pQ) 



d k Qi G B a i 2 . 



(108) 



(109) 



The bound on dkQi is improved in Sections 14.5.11 and 14.71 where it is proved that this function is in 
Ba",2,2 and B al , ^_ S 2 , respectively. 

Inequalities for k and k 



Since n — \Jk 2 — ik and A_ = — Re(/t) = — \\/2\Jk 2 + k A + 2k 2 , we have 

\k\ = (k 2 + /fc 4 ) 1/4 < \k\ 1/2 + \k\ < 2 3/4 |k| < 2 3 / 4 (l + |jfc|) 

and that 



from which we get, for a > 0, 



< |A_| < \k\ < v / 2|A_| , 

A-* < -\k\a 



27 



The following inequalities are used throughout the proofs 



-ik 



k 2 — ik — (—ik) 



\Jk 2 — ik + V '—ik 



< 



< const. |fc| 3/2 < const. min{|A_| 2 , |A_| 3 } , 



and 



e -Kt _ e -V—ikt 



< 

< const 



e -\/-ikt ^ e (V-«fe-K)t _ ij 



- ik I 



-ik — k 



< const, e-^^ 1 \k\ z/2 t . 

Some inequalities for p, a and p, a 

Using the notation introduced in Definition [H we have for a > and 1 < t < 2, 

p, a (k,t) < const. fl a (k,t) < const. 
fl a (k,t) < const. p, a (k,t) < const. 

and that for f > 2 and /? > 0, 

e _|fc|(t_1 Va,r(M) < const. e -l fc K*- 1 ) < const. p,p(k,t) , 
e A - (i-1) /i a ,r(fc,t) < const. e A - (t_1) < const. fip(k,t) , 
such that we have, for all t > 0, 

e _|fe|(t_1 Va,r(fc,i) < const. p. a (k,t) , 
e A ~^ t ~ 1 Va,r(fc,^) < const. ji a (k,t) . 

Another important inequality used in the proofs is that, for p > 0, 

\up fu ^ const. . . 



which is due to the fact that 



\k\ P ll a , r (M) 



|fc|* 



< 



const. 



£ r P 1 + (|fc|t r ) a ~ rP 1 + (|fc|t r ) a -P 



Function spaces for some exponential functions 
Proposition 15 For a > 1, p, q > 0, we have 

Fe-I fc l* e £ Q , P ,oo ,J>>0, 

Proof. Using Definition [5] for functions belonging in S a ,p,oo spaces, we must have 
sup sup L _ ^ sup sup (|fc|t)P(l + (|fc|t) Q ) e - |fe|t <oo 

t>l fceR\{0} t?^a\k,i) t>l fcgK\{0} 

We use the change of variable z = kt, so that 

sup sup \z\ p (l + \z\ a )e-^ < oo . 

t>l 26R\{0} 

Similarly we have 

sup sup ^ „ L = sup sup {\k\t 2 ) q {l + (\k\t 2 ) a ) 

f>l JbeR\{0} t2?Ma(fcj*) t>l feGR\{0} 



-V-ikt 2 
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and using the change of variable z = kt , we get 



sup sup |z|«(l + |z| Q )e-Vl z l/ 2 <oo . 

t>l z£l 



For the functions k q e we have 



sup sup J . 1 = sup sup (|fc|t 2 ) 9 (l + (|fc|i 2 ) Q )e A - 4 

t>l fe£R\{0} ^^a{k,t) t >l fc£R\{0} 



<sup sup (|A_|<) 2 «(l + ((|A_|t) 2Q )e A - t 

t>l k£R\{0} 



and with the change of variable z = \A-\t 



sup sup \z\ 2q {l + \z\ 2a )e~ z < oo 
t>i zeR\{o} 



A. 3 Bounds on convolution 

We present variants of Proposition 9 and Corollary 10 from 9., which give bounds on convolution 
products in S QjP , 9 spaces. 

Proposition 16 (convolution) Let a > I, s > r > 0, and let a, b be continuous functions from 
R\ {0} x [l,oo) to C satisfying the bounds, 

\a(k,t)\ < fi a , r (k,t) , 
\b(k,t)\ < ii a>t {k,t) , 

with fi a ^ r and fi aiS as given in Definition^ Then, the convolution a * b is a continuous function from 
Ix [1, oo) to C and we have the bound 

|(a* b) (k,i)\ < const. ^-fi a ,r (M) , (117) 
t s 

uniformly in t > 1, k G M. 

Proof. We begin by splitting the integration interval into three sub-intervals, so that 

/oo 
fi a>r (k' , t) /i Q , s (k — k' , t) dk' = 
-oo 

-k/2 ^.oo pk/2 

...dk 1 + / ...dk' + I ...dk 1 , 

-oo J/c/2 J-k/2 

where we only consider fc > since the functions ix a ^ r and /z ajS are even with respect to k. We first note 
that 

— k/2 />oo 

fJ-a,r (k' ,t) fj. atS (k — k' ,t) dk' + / fx air (k' ,t) fj, aiS (k — k' ,t) dk' 

-oo 

/" const 
< const. /x Q ,. r (±fc/2, t) y n ayS (k — k' ,t) dk' < — — — /i Q-r (fc,t), 

where the factor arises from the change of variables used in the integral. For kt r < 1, we have 
| < Ma,r < 1, so that 



fi a , r (k' ,t) fj, a:S (k — k' ,i) dk' < / /i QiS (fc — fc', i) dfc' < (const. n a ,r(k, t)) 



k/2 



k/2 

For fci r > 1, we also have kt s > 1, and furthermore 



const. 

t s 



frUM) = l + (\k\t r ) a < m\t r ) a = 2fa{ r-s) 
Ha,r(k,t) l + (|fc|^) Q " (\k\t*) a 
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which shows that 

r k/2 



k/2 



Va,r (k r , t) /Lt Q , s (k - k', t) dk' < t) / p a , r (A/, t) dk' < fi a , r (k/2, t)2t a{r ~ s) 



, const. 



r 



which, since a > 1 and s > r, is bounded by a multiple of p a r (k,t)/t s . Gathering the bounds yields 
(fTTTD . ■ 

Corollary 17 Lei > 1, and, /or i = 1,2 letpi,qi > 0. Lei /i G B auPi , qi , and let 

a — minjcti, a 2 } , 

p = min{pi +p 2 + l,Pi +q-2 + 2,p 2 + gi + 2} , 
q = qi + q 2 + 2 . 

Then /1 * /2 € $u,p,q and there exists a constant C, dependent only on cxi, such that 



fl * f-2] Ba,p,q 



< c 



Proof. Using that B auVuqi C S min { Ql;Ce2 } :P . g . , this is an immediate consequence of Proposition [TCI ■ 

Proposition 18 (convolution with | | 1 discontinuity) Let 014 > 1, and, for i = 1,2 let pi,qi > 0. 
Lei / £E fio^p^gj and k ■ g S ^Q 2 ,p 2 ,«2; ari ^ ^ 

a = min{ai j a2} , 

1 

p = mmjpi +p 2 + -,pi + g 2 + lj , 
1 

q = min{gi + p 2 + - , qi + q 2 + 1} ■ 
T7ien f * g € &a,p,q and there exists a constant C , dependent only on oti, such that 



f * g;B a , P ,q 



< C 



lis; So 



Proof. This proposition is a consequence of Proposition 11 of [T]. ■ 
A. 4 Convolution with the semi-groups e A * and e ~l fc * 

In an effort of self-consistency, we present the results for the convolution with the semi-groups e A - f and 
e -| fc l* which are all proved in [5]. In order to bound the integrals over the interval [1, t] we systematically 
split them into integrals over [1, i+£] and integrals over [-^, t] and bound the resulting terms separately. 
The range for the parameter f3 has been extended to include values between and 1 using Holder's 
inequality in the propositions for the intervals [(t + 1 ) / 2 , £] and [t, 00). In practice, when a logarithmic 
bound is found we use that for all S € (0,1) there exists a constant such that 

log(l + t) < const. t s , (118) 

in order to present a bound in terms of i3 Q ,p,g spaces. 
For the semi-group e A ~* we have: 

Proposition 19 Let a > 0, r > and 5>0 and 7 + 1 > /3 > 0. Then, 



,A_(t-i) 



< < 



const. jpji a (k, t), ifS>j + l 
const . — p a (k,t), if 5 = 7+1 



const. 



tP 

jp+l-5 



tP 



p a {k,t), if6<j+l 



uniformly in t > 1 and fc G 
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Proposition 20 Let a > 0, r > 0, S £ R, and (3 £ [0, 1]. Then, 
uniformly in t > 1 and fcel. 

Proposition 21 Let a > 0, r > 0, S > 1, and f3 £ [0, 1]. Then, 

e\ A -^ f e A -^\A_\^» a , r (k,s)ds< ^^^ r (k,t) , 

uniformly in t > 1 and fc £ M. 

The results for the semi-group e~' fc '* are very similar. 
Proposition 22 Let a > 0, r > and 5 > and 7 + 1 > (3 > 0. Then, 



e 



-|fe|(t 



< < 



Ji s 
const. ^p, a (k,t), if S > 7 + 1 

const. l0g ^ + ^ (fc, f ), i/<5 = 7 + l 

const. — ^ — p, a (k,t), if 6 < 7 + I 
uniformly in t > 1 and fc £ M. 

Proposition 23 Lei a > 0, r > 0, <5 £ R, and (3 £ [0, 1]. Then, 



e -\k\(t- 



j\\^)\kf^ a . r (k, S ) ds < ^^^ aA k,t) 



uniformly in t > 1 and fc £ R. 

Proposition 24 Lei a > 0, r > 0, 5 > 1, (3 £ [0, 1]. Then, 



|fc| 



uniformly in t > 1 and fc £ M. 
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